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Introduction

 Last Seminar : Deep Reinforcement Learning
1. Introduction to Deep Reinforcement Learning

2. Value-based RL & Policy-based RL

3. Policy Gradient

4. Advantage Actor-Critic(A2C)

5. Asynchronous Advantage Actor-Critic(A3C)

6. Trust Region Policy Optimization(TRPO)

7. Proximal Policy Optimization(PPO)
2

A little bit hard mathematics & statistics,

To be presented next!
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Introduction

A Taxonomy of RL Algorithms
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https://spinningup.openai.com/en/latest/spinningup/rl_intro2.html#citations-below
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WARNING

This paper has a very theoretical approach and is difficult!

First, I would like to apologize to the junior researchers

Later, as you study Reinforcement Learning, 

look back at this material when you meet this paper!
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Preliminaries

 Markov Decision Processes  tuple : (𝒮,𝒜, 𝑃, 𝑟, 𝜌0, 𝛾)

- 𝒮 ∶ A finite set of states

- 𝒜 ∶ A finite set of actions

- 𝑃 ∶ The transition probability distribution(𝑃 ∶ 𝒮 ×𝒜 × 𝒮 → ℝ)

- 𝑟 ∶ The reward function(𝑟 ∶ 𝒮 → ℝ)

- 𝜌0 ∶ The distribution of the initial state 𝑠0(𝜌0 ∶ 𝒮 → ℝ)

- 𝛾 ∶ The discount factor(𝛾 ∈ (0,1))

 Policy
- 𝜋 ∶ A stochastic policy(𝜋: 𝒮 ×𝒜 → [0,1])
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Preliminaries

 Expected cumulative discounted reward

𝜂 𝜋 = 𝔼𝑠0,𝑎0,… 

𝑡=0

∞

𝛾𝑡𝑟(𝑠𝑡) ,

𝑤ℎ𝑒𝑟𝑒 𝑠0~𝜌0 𝑠0 , 𝑎𝑡~𝜋 𝑎𝑡 𝑠𝑡 , 𝑠𝑡+1~𝑃 𝑠𝑡+1 𝑠𝑡 , 𝑎𝑡

 State-action value function 𝑄𝜋

𝑄𝜋 𝑠𝑡, 𝑎𝑡 = 𝔼𝑠𝑡+1,𝑎𝑡+1,… 

𝑙=0

∞

𝛾𝑙𝑟(𝑠𝑡+𝑙)

 State value function 𝑉𝜋

𝑉𝜋 𝑠𝑡 = 𝔼𝑎𝑡,𝑠𝑡+1,… 

𝑙=0

∞

𝛾𝑙𝑟(𝑠𝑡+𝑙)

 Advantage function 𝐴𝜋
𝐴𝜋 𝑠, 𝑎 = 𝑄𝜋 𝑠, 𝑎 − 𝑉𝜋 𝑠 ,

𝑤ℎ𝑒𝑟𝑒 𝑎𝑡~𝜋 𝑎𝑡 𝑠𝑡 , 𝑠𝑡+1~𝑃 𝑠𝑡+1 𝑠𝑡 , 𝑎𝑡 𝑓𝑜𝑟 𝑡 ≥ 0
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Preliminaries

Useful identity, Kakade & Langford(2002), Appendix A

𝜂 𝜋 = 𝜂 𝜋 + 𝔼𝑠0,𝑎0,…~𝜋 

𝑡=0

∞

𝛾𝑡𝐴𝜋(𝑠𝑡 , 𝑎𝑡) ,

𝑤ℎ𝑒𝑟𝑒 𝔼𝑠0,𝑎0,…~𝜋 … indicates that actions are sampled 𝑎𝑡~𝜋(∙ |𝑠𝑡)

 (Unnormalized) Discounted visitation frequencies 

𝜌𝜋 𝑠 = 𝑃 𝑠0 = 𝑠 + 𝛾𝑃 𝑠1 = 𝑠 + 𝛾2𝑃 𝑠2 = 𝑠 +⋯ ,
𝑤ℎ𝑒𝑟𝑒 𝑠0~𝜌0 and the actions are chosen according to 𝜋

12
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Preliminaries

We can rewrite Equation (1) with Sum over states instead timestep

𝜂 𝜋 = 𝜂 𝜋 + 𝔼𝑠0,𝑎0,…~𝜋 

𝑡=0

∞

𝛾𝑡𝐴𝜋(𝑠𝑡 , 𝑎𝑡)

14

𝜂 𝜋 = 𝜂 𝜋 +

𝑡=0

∞



𝑠

𝑃 𝑠𝑡 = 𝑠 𝜋 

𝑎

𝜋 𝑎 𝑠 𝛾𝑡 𝐴𝜋(𝑠, 𝑎)

= 𝜂 𝜋 +

𝑠



𝑡=0

∞

𝛾𝑡𝑃 𝑠𝑡 = 𝑠 𝜋 

𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎)

= 𝜂 𝜋 +

𝑠

𝜌𝜋(𝑠)

𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎)

Sum over timestep

Sum over states



Preliminaries

 So, what does that mean?

𝜂 𝜋 = 𝜂 𝜋 +

𝑠

𝜌𝜋(𝑠)

𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎)

• Any policy update 𝜋 → 𝜋 that has a nonnegative expected advantage at every state 𝑠, 
i.e. σ𝑎 𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎) ≥ 0, is guaranteed to increase policy performance 𝜂, or leave it 
constant in the case that the expected advantage is zero everywhere

• e.q. policy iteration
𝜋 𝑠 = argmax

𝑎
𝐴𝜋(𝑠, 𝑎)

• But, in the approximate setting, there are estimation and approximation error, some 
states 𝑠 have negative expected advantage



𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎) < 0
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Preliminaries

 The complex dependency of 𝜌𝜋(𝑠) on 𝜋 makes Equation (2) difficult to optimize 
directly. Instead, we introduce the following local approximation to 𝜂:

𝜂 𝜋 = 𝜂 𝜋 +

𝑠

𝜌𝜋(𝑠)

𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎)

𝐿𝜋 𝜋 = 𝜂 𝜋 +

𝑠

𝜌𝜋(𝑠)

𝑎

𝜋(𝑎|𝑠)𝐴𝜋(𝑠, 𝑎)

• 𝐿𝜋 uses the visitation frequency 𝜌𝜋(𝑠) rather than 𝜌𝜋 𝑠 , ignoring changes in state visitation 
density due to changes in the policy

• However, if we have parameterized policy 𝜋𝜃(differentiable), then 𝐿𝜋 matched 𝜂 to first 
order(Kakade & Langford (2002))

• That is, for any parameter value 𝜃0,
𝐿𝜋𝜃0

𝜋𝜃0 = 𝜂 𝜋𝜃0 ,

𝛻𝜃𝐿𝜋𝜃0 𝜋𝜃 |𝜃=𝜃0 = 𝛻𝜃𝜂 𝜋𝜃 |𝜃=𝜃0
16
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Preliminaries

So, what does that mean?
𝐿𝜋𝜃0

𝜋𝜃0 = 𝜂𝜋𝜃0
𝛻𝜃𝐿𝜋𝜃0 𝜋𝜃 |𝜃=𝜃0 = 𝛻𝜃𝜂 𝜋𝜃 |𝜃=𝜃0

• A sufficiently small step 𝜋𝜃0 → 𝜋 that improves 𝐿𝜋𝜃𝑜𝑙𝑑
will also improve 𝜂

• But, it does not give us any guidance on how big of a step to take…

• To address this issue, Kakade & Langford(2002) again…!

Conservative policy iteration
𝜋𝑛𝑒𝑤 𝑎 𝑠 = 1 − 𝛼 𝜋𝑜𝑙𝑑 𝑎 𝑠 + 𝛼𝜋`(𝑎|𝑠)

20

𝜋𝑜𝑙𝑑 ∶ current policy

𝜋` = argmax
𝜋`

𝐿𝜋𝑜𝑙𝑑(𝜋`)



Preliminaries

Conservative policy iteration
𝜋𝑛𝑒𝑤 𝑎 𝑠 = 1 − 𝛼 𝜋𝑜𝑙𝑑 𝑎 𝑠 + 𝛼𝜋`(𝑎|𝑠)

• Kakade and Langford derived the following lower bound:

𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐿𝜋𝑜𝑙𝑑 𝜋𝑛𝑒𝑤 −
2𝜖𝛾

1 − 𝛾 2
𝛼2

𝑤ℎ𝑒𝑟𝑒 𝜖 = max
𝑠

|𝔼𝑎~𝜋` 𝑎 𝑠 [𝐴𝜋(𝑠, 𝑎)]|.

• But, this bound only applies to mixture policies

• It is desirable for a practical policy update scheme to be applicable to all general 
stochastic policy classes! (Finally, we are ready to see the TRPO…!)

21



2. Monotonic Improvement Guarantee
for General Stochastic Policies
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Monotonic Improvement Guarantee for General Stochastic Policies

By replacing 𝛼 with distance measure between 𝜋 and 𝜋, and changing 
the 𝜖 appropriately, we can extend Equation(6) to general stochastic 
policies

• Total Variation Divergence

𝐷𝑇𝑉(𝑝| 𝑞 =
1

2


𝑖

|𝑝𝑖 − 𝑞𝑖|

𝐷𝑇𝑉
𝑚𝑎𝑥 𝜋, 𝜋 = max

𝑠
𝐷𝑇𝑉(𝜋 ∙ 𝑠 || 𝜋(∙ |𝑠))

Theorem 1. 𝐿𝑒𝑡 𝛼 = 𝐷𝑇𝑉
𝑚𝑎𝑥 𝜋𝑜𝑙𝑑 , 𝜋𝑛𝑒𝑤 . 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑤𝑖𝑛𝑔 𝑏𝑜𝑢𝑛𝑑 ℎ𝑜𝑙𝑑𝑠:

𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐿𝜋𝑜𝑙𝑑 𝜋𝑛𝑒𝑤 −
4𝜖𝛾

1 − 𝛾 2
𝛼2,

𝑤ℎ𝑒𝑟𝑒 𝜖 = max
𝑠,𝑎

|𝐴𝜋(𝑠, 𝑎)|
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𝐷𝑇𝑉
𝑚𝑎𝑥 𝜋, 𝜋 = max

𝑠
𝐷𝑇𝑉(𝜋 ∙ 𝑠 || 𝜋(∙ |𝑠))



Monotonic Improvement Guarantee for General Stochastic Policies

 Kakade & Langford → John Schulman

𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐿𝜋𝑜𝑙𝑑 𝜋𝑛𝑒𝑤 −
2𝜖𝛾

1 − 𝛾 2
𝛼2,

𝑤ℎ𝑒𝑟𝑒 𝜖 = max
𝑠

|𝔼𝑎~𝜋` 𝑎 𝑠 [𝐴𝜋(𝑠, 𝑎)]|.

𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐿𝜋𝑜𝑙𝑑 𝜋𝑛𝑒𝑤 −
4𝜖𝛾

1 − 𝛾 2
𝛼2,

𝑤ℎ𝑒𝑟𝑒 𝜖 = max
𝑠,𝑎

|𝐴𝜋(𝑠, 𝑎)|

• Additionally, Pollard(2000)
𝐷𝑇𝑉(𝑝||𝑞)

2≤ 𝐷𝐾𝐿(𝑝||𝑞)

𝐿𝑒𝑡 𝐷𝐾𝐿
𝑚𝑎𝑥 𝜋, 𝜋 = max

𝑠
𝐷𝐾𝐿(𝜋 ∙ 𝑠 || 𝜋(∙ |𝑠))

So, we get :
𝜂 𝜋 ≥ 𝐿𝜋 𝜋 − 𝐶𝐷𝐾𝐿

𝑚𝑎𝑥 𝜋, 𝜋 ,

𝑤ℎ𝑒𝑟𝑒 𝐶 =
4𝜖𝛾

1 − 𝛾 2

25



Monotonic Improvement Guarantee for General Stochastic Policies

 Policy iteration algorithm guaranteeing non-decreasing expected return 𝜂

• The Algorithm uses a constraint on the KL divergence rather than a penalty to robustly allow 
large updates 26



Monotonic Improvement Guarantee for General Stochastic Policies

Does it guarantee to generate a monotonically improving sequence of 
policies 𝜂(𝜋0) ≤ 𝜂(𝜋0) ≤ 𝜂 𝜋0 ≤ ⋯? Yes!

• To see this, let 𝑀𝑖 𝜋 = 𝐿𝜋𝑖 𝜋 − 𝐶𝐷𝐾𝐿
𝑚𝑎𝑥 𝜋𝑖 , 𝜋 ∶ 𝑠𝑢𝑟𝑟𝑜𝑔𝑎𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, Then,

• Thus, by maximizing 𝑀𝑖 , at each iteration, we guarantee that the true objective 𝜂
is non-decreasing

27

𝜂 𝜋𝑖+1 ≥ 𝑀𝑖 𝜋𝑖+1 by Equation(9)

𝜂 𝜋𝑖 = 𝑀𝑖 𝜋𝑖 , therefore,

𝜂 𝜋𝑖+1 − 𝜂 𝜋𝑖 ≥ 𝑀𝑖 𝜋𝑖+1 −𝑀 𝜋𝑖
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Algorithm 1



3. Optimization of Parameterized Policies
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Optimization of Parameterized Policies

Consider parameterized policies 𝜋𝜃 𝑎 𝑠
• So change the notations

• True objective 𝜂 that we are guaranteed to improve :

maximize
𝜃

[𝐿𝜃𝑜𝑙𝑑 𝜃 − 𝐶𝐷𝐾𝐿
𝑚𝑎𝑥(𝜃𝑜𝑙𝑑 , 𝜃)]

30

𝜂 𝜃 ≔ 𝜂 𝜋𝜃

𝐿𝜃 ෨𝜃 ≔ 𝐿𝜋𝜃 𝜋෩𝜃

𝐷𝐾𝐿(𝜃| ෨𝜃 ≔ 𝐷𝐾𝐿(𝜋𝜃||𝜋෩𝜃)



Optimization of Parameterized Policies

We want to take larger steps in robust way, but there is a problem

maximize
𝜃

[𝐿𝜃𝑜𝑙𝑑 𝜃 − 𝐶𝐷𝐾𝐿
𝑚𝑎𝑥(𝜃𝑜𝑙𝑑 , 𝜃)] , 𝑤ℎ𝑒𝑟𝑒 𝐶 =

4𝜖𝛾

1 − 𝛾 2

• 𝐶 is very large number(consider when 𝛾 = 0.99)

• So step size should be smaller…

• One way to take larger steps is to use a constraint on the KL divergence 
between the new policy and the old policy, i.e., a trust region constraint :

maximize
𝜃

𝐿𝜃𝑜𝑙𝑑 𝜃

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐷𝐾𝐿
𝑚𝑎𝑥(𝜃𝑜𝑙𝑑 , 𝜃) ≤ 𝛿
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Optimization of Parameterized Policies

But… we have another problem
maximize

𝜃
𝐿𝜃𝑜𝑙𝑑 𝜃

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐷𝐾𝐿
𝑚𝑎𝑥(𝜃𝑜𝑙𝑑 , 𝜃) ≤ 𝛿

• It imposes a constraint that the KL divergence is bounded at every point in the 
state space

• Motivated by the theory, but impractical!

• Instead, we can use a heuristic approximation : the average KL divergence

ഥ𝐷𝐾𝐿
𝜌

𝜃1, 𝜃2 ≔ 𝔼𝑠~𝜌 𝐷𝐾𝐿(𝜋𝜃1 ∙ 𝑠 || 𝜋𝜃1(∙ |𝑠)) .

maximize
𝜃

𝐿𝜃𝑜𝑙𝑑 𝜃

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ഥ𝐷𝐾𝐿
𝜌𝜋𝑜𝑙𝑑 𝜃𝑜𝑙𝑑 , 𝜃𝑛𝑒𝑤 ≤ 𝛿

32



4. Sample-Based Estimation of the 
Objective and Constraint
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Sample-Based Estimation of the Objective and Constraint

Ok, How to change the Objective and Constraint to sample-based 
monte-carlo estimation?

maximize
𝜃

𝐿𝜃𝑜𝑙𝑑 𝜃

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ഥ𝐷𝐾𝐿
𝜌𝜋𝑜𝑙𝑑 𝜃𝑜𝑙𝑑 , 𝜃𝑛𝑒𝑤 ≤ 𝛿

maximize
𝜃



𝑠

𝜌𝜃𝑜𝑙𝑑(𝑠)

𝑎

𝜋𝜃(𝑎|𝑠)𝐴𝜃𝑜𝑙𝑑(𝑠, 𝑎)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ഥ𝐷𝐾𝐿
𝜌𝜋𝑜𝑙𝑑 𝜃𝑜𝑙𝑑 , 𝜃𝑛𝑒𝑤 ≤ 𝛿

 Let’s take some useful steps : 

• Replace σ𝑠 𝜌𝜋𝑜𝑙𝑑(𝑠) [… ] by the expectation 
1

1−𝛾
𝔼𝑠~𝜌𝜋𝑜𝑙𝑑

…

• Replace advantage values 𝐴𝜃𝑜𝑙𝑑 by the Q-values 𝑄𝜃𝑜𝑙𝑑
• Replace the sum over the actions by an importance sampling estimator

34
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𝔼𝑥~𝑝[𝑓(𝑥)]

= න𝑝 𝑥 𝑓 𝑥 𝑑𝑥

= න
𝑝 𝑥

𝑞 𝑥
𝑞(𝑥)𝑓 𝑥 𝑑𝑥

= 𝔼𝑥~𝑞
𝑝 𝑥

𝑞 𝑥
𝑓(𝑥)]



Sample-Based Estimation of the Objective and Constraint

 Let’s take some useful steps : 

• Replace σ𝑠 𝜌𝜋𝑜𝑙𝑑(𝑠) [… ] by the expectation 
1

1−𝛾
𝔼𝑠~𝜌𝜋𝑜𝑙𝑑

…

• Replace advantage values 𝐴𝜃𝑜𝑙𝑑 by the Q-values 𝑄𝜃𝑜𝑙𝑑
• Replace the sum over the actions by an importance sampling estimator



𝑎

𝜋𝜃(𝑎|𝑠𝑛)𝐴𝜃𝑜𝑙𝑑(𝑠𝑛, 𝑎) = 𝔼𝑎~𝑞
𝜋𝜃 𝑎 𝑠𝑛
𝑞 𝑎 𝑠𝑛

𝐴𝜃𝑜𝑙𝑑(𝑠𝑛, 𝑎)

• So we can write the formula in terms of expectations : 

maximize
𝜃

𝔼𝑠~𝜌𝜋𝑜𝑙𝑑 ,𝑎~𝑞
𝜋𝜃 𝑎 𝑠

𝑞 𝑎 𝑠
𝑄𝜃𝑜𝑙𝑑(𝑠, 𝑎)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝔼𝑠~𝜌𝜋𝑜𝑙𝑑
𝐷𝐾𝐿(𝜋𝜃𝑜𝑙𝑑 ∙ 𝑠 || 𝜋𝜃(∙ |𝑠) ≤ 𝛿

36

𝑞(old policy) : sampling distribution



Sample-Based Estimation of the Objective and Constraint

Single Path
• Collect a sequence of states by sampling 𝑠0~𝜌0
• Generate some number of timesteps’ trajectory using 𝜋𝜃𝑜𝑙𝑑 = 𝑞

𝑠0, 𝑎0, 𝑠1, 𝑎1, … , 𝑠𝑇−1, 𝑎𝑇−1, 𝑠𝑇
• 𝑄𝜃𝑜𝑙𝑑(𝑠, 𝑎) is computed at each state-action pair (𝑠𝑡 , 𝑎𝑡) by taking the discounted 

sum of future rewards
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maximize
𝜃

𝔼𝑠~𝜌𝜋𝑜𝑙𝑑 ,𝑎~𝑞
𝜋𝜃 𝑎 𝑠

𝑞 𝑎 𝑠
𝑄𝜃𝑜𝑙𝑑(𝑠, 𝑎)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝔼𝑠~𝜌𝜋𝑜𝑙𝑑
𝐷𝐾𝐿(𝜋𝜃𝑜𝑙𝑑 ∙ 𝑠 || 𝜋𝜃(∙ |𝑠) ≤ 𝛿

VineSingle Path



5. Experiment and Result
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Experiment and Result

 Learning curves for locomotion tasks

Vision-based RL algorithms on the Atari domain
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Summary
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“Question everything generally thought to be obvious”
- Dieter Rams, 1932 -

Thank you!


